Abstract. Let Ω = Ω \ D where Ω is a bounded domain with connected complement in C n (or more generally in a Stein manifold) and D is relatively compact open subset of Ω with connected complement in Ω. We obtain characterizations of pseudoconvexity of Ω and D through the vanishing or Hausdorff property of the Dolbeault cohomology groups on various function spaces. In particular, we show that if the boundaries of Ω and D are Lipschitz and C 2 -smooth respectively, then both Ω and D are pseudoconvex if and only if 0 is not in the spectrum of the ∂-Neumann Laplacian on (0, q)-forms for 1 ≤ q ≤ n − 2 when n ≥ 3; or 0 is not a limit point of the spectrum of the ∂-Neumannn Laplacian on (0, 1)-forms when n = 2.
Introduction
The classical Theorem B of H. Cartan states that for any coherent analytic sheaf F over a Stein manifold, the sheaf cohomology groups H q (X, F) vanish for all q ≥ 1 (cf. [12, Theorem 7.4.3] ). The converse is also true ( [24, p. 65 ]; see [12, pp. 86-89] for a proof of this equivalence). The ∂-complexes of the smooth forms, the L 2 loc forms, and the currents on Ω are all resolutions of the sheaf O of germs of holomorphic functions. As a consequence, the Dolbeault cohomology groups obtained through these resolutions are all isomorphic to H q (Ω, O) and will all be denoted by H 0,q (Ω). However, this isomorphism does not hold in All three authors were partially supported by a grant from the AGIR program of Grenoble INP and Université Grenoble-Alpes, awarded to Christine Laurent-Thiébaut. Siqi Fu and Mei-Chi Shaw are supported by NSF grants.
general if one considers the Dolbeault cohomology groups for the ∂-complexes acting on function spaces with some growth or regularity properties on the boundary of the domain.
When Ω is a relatively compact pseudoconvex domain in a Stein manifold, it follows from Hörmander's L 2 -existence theorem for the ∂-operator that the L 2 -Dolbeault cohomology groups H 0,q L 2 (Ω) vanish for q ≥ 1. The converse of Hörmander's theorem also holds, under the assumption that the interior of the closure of Ω is the domain Ω itself. Sheaf theoretic arguments for the Dolbeault cohomology groups ( [24, 16, 29, 2, 23] ) can be modified to give a proof of this fact (see, e.g., [8, 9] ). We remark that some regularity of the boundary is necessary in order to characterize pseudoconvexity by the L 2 -Dolbeault cohomology. The Dolbeault isomorphism also fails to hold between the usual Dolbeault cohomology groups and the L 2 -Dolbeault cohomology groups. For example, on the unit ball in C 2 minus the center, the L 2 -Dolbeault cohomology group H 0,1 L 2 (B 2 \ {0}) is trivial but the classical Dolbeault cohomology group H 0,1 (B 2 \ {0}) is infinite dimensional.
It follows from the work of Kohn [15] that, if Ω is a bounded pseudoconvex domain in C n with smooth boundary, then the Dolbeault cohomology groups H 0,q ∞ (Ω) with forms smooth up to the boundary also vanish for all q > 0 and the converse is also true. But this does not hold in general if the boundary of the domain is not smooth. For example, on the Hartogs' triangle T = {(z, w) ∈ C 2 ; |z| < |w| < 1}, by [28] , we have that H 0,1 (T) is trivial but H 0,1 ∞ (T), the Dolbeault cohomology of forms with coefficients smooth up to the boundary, is infinite dimensional. In fact, it is not even Hausdorff (see [21] ). In general, the Dolbeault cohomology groups with some growth or regularity properties up to the boundary are not the same as the usual Dolbeault cohomology.
Andreotti and Grauert [1] showed that, for a relatively compact domain Ω with smooth boundary in a complex manifold that is strictly pseudoconvex (or more generally, satisfies Condition a q 1 ), the Dolbeault cohomology group H p,q (Ω) is finite dimensional. Furthermore, by Grauert's bumping methods, the usual Dolbeault cohomology group is isomorphic to the Dolbeault cohomology group with regularity up to the boundary (see, e.g., [11] ). It follows from Hörmander's work ([13, § 3.4] ) that on a bounded domain Ω with C 3 -smooth boundary in a complex manifold, if the boundary bΩ satisfies the a q and a q+1 conditions, then H p,q L 2 (Ω) is isomorphic to H p,q (Ω). (See [22] for relevant results.) In particular, when Ω is an annulus between two C 3 -smooth strictly pseudoconvex domains in a complex manifold, the L 2 cohomology group H 0,q L 2 (Ω) is finite dimensional when 0 < q < n − 1. When the domain Ω is an annulus between two weakly pseudoconvex domains with C 3 smooth boundary in C n , similar results are proved in [26] . The regularity of the boundary can be relaxed by assuming only that D has C 2 boundary (see [27] ). In this case, H p,q L 2 (Ω) = 0 for all q = 0 and q = n − 1.
In this paper, we study the Dolbeault cohomolgy groups on various function spaces for a bounded domain Ω in C n (or more generally in a Stein manifold) in the form of Ω = Ω \ D where Ω is a bounded domain with connected complement in C n and D is relatively compact open subset of Ω with connected complement and with finitely many connected components. We obtain characterizations of pseudoconvexity of Ω and D through vanishing or Hausdorff property of the Dolbeault cohomology groups on various function spaces, including those of forms with coefficients smooth up to the boundary and of extendable currents. In particular, we consider L 2 -Dolbeault cohomology groups and spectral theory 1 Recall that the boundary bΩ satisfies condition aq if the Levi form of a defining function has either at least q + 1 negative eigenvalues or at least n − q positive eigenvalues at every boundary point for ∂-Neumann Laplacian on the domain Ω. We show that if the outer boundary b Ω is Lipschitz and the inner boundary bD is C 2 -smooth, then both Ω and D are pseudoconvex if and only if 0 is not in the spectrum of the ∂-Neumann Laplacian on (0, q)-forms for 1 ≤ q ≤ n − 2 when n ≥ 3; or 0 is not a limit point for the spectrum of the ∂-Neumannn Laplacian on (0, 1)-forms when n = 2 (see Corollary 5.4, Theorems 5.6, and 5.7 below).
An earlier result in this spirit is due to Trapani in [32] . In his case, vanishing and Hausdorff properties of the classical Dolbeault cohomology groups characterize the holomorphic convexity of D; not just the pseudoconvexity of D. Our results and methods are different from the results in [32] (see the remark at the end of section 3).
The plan of the paper is as follows: In Section 2, we first recall the classical Serre duality and the definitions of various Dolbeault cohomology groups and their duals. In Section 3, we study the Dolbeault cohomology groups on forms that are smooth up to the boundary and on extendable currents. We obtain necessary and sufficient conditions for the vanishing or Hausdorff properties of these Dolbeault cohomology groups. Sections 4 and 5 are devoted to the L 2 -theory for ∂ on such a domain Ω. In Section 4, we study the relationship between the Dolbeault cohomology groups of Ω and those of Ω and D on L 2 or W 1 spaces. In Section 5, we establish necessary and sufficient conditions for such domains Ω that have vanishing L 2 or W 1 -Dolbeault cohomology groups. In particular, we show that when the boundary of D is Lipschitz, the Dolbeault cohomology groups with W 1 loc -coefficients are vanishing for 1 ≤ q < n − 1 and Hausdorff for q = n − 1 if and only if both Ω and D are peudoconvex (see Corollary 5.3) . When the inner boundary bD is C 2 and the outer boundary b Ω is Lipschitz, we obtain a characterization of pseudoconvexity of Ω and D by the vanishing and Hausdorff properties of the L 2 -Dolbeault cohomology groups, which implies the above-mentioned statement that one can determine pseudoconvexity of Ω and D from spectral properties of the∂-Neumann Laplacian on Ω.
Dolbeault cohomology and the Serre duality
Let X be an n-dimensional complex manifold. If D ⊂⊂ X is a relatively compact subset of X, we consider the ∂-complexes and their dual complexes associated with several spaces of forms attached to D (see section 2 in [20] for more details)
We first recall definitions of several function spaces and their duals. Let E(D) be the space of C ∞ -smooth functions on D with its classical Fréchet topology. It is well known that its dual can be identified with the space E ′ (X) of distributions with compact support in D. We will also consider the space C ∞ (D) of smooth functions on the closure of D; this is the space of the restrictions to D of C ∞ -smooth functions on X. It can also be identified with the quotient of the space of C ∞ -smooth functions on X by the ideal of functions that vanish with all their derivatives on D. We endow C ∞ (D) with the Fréchet topology induced by E(X). If D has Lipschitz boundary, the dual space of C ∞ (D) is the space E ′ D (X) of distributions on X with support contained in D. In general, when the boundary of D is not necessarily Lipschitz, then we only have that the dual space of C ∞ (D) is always a subspace of E ′ D (X). We refer the reader to [20] Recall that a cohomological complex of topological vector spaces is a pair (E • , d), where E • = (E q ) q∈Z is a sequence of topological vector spaces and d = (d q ) q∈Z is a sequence of densely defined closed linear maps d q from E q into E q+1 that satisfy d q+1 • d q = 0. To any cohomological complex (E • , d)we associate cohomology groups (H q (E • )) q∈Z defined by
and endowed with the quotient topology. We fix 0 ≤ p ≤ n and set E q = 0 and d q ≡ 0, if q < 0 and 0 ≤ p ≤ n. We consider the∂-complex (
The associated cohomology groups with (1)-(3) are denoted respectively by
If the domain D has Lipschitz boundary, then the dual complexes of the previous cohomological complexes are (E ′ • , d ′ ) with d ′ q = ∂ for 0 ≤ q ≤ n and:
(1) E ′ q = E ′n−p,n−q (D), the space of currents with compact support in D.
, the space of currents with compact support in X whose support is contained in D.
(X), the space of C ∞ -smooth forms with compact support in D.
The associated cohomology groups are denoted respectively by H n−p,n−q c
and H n−p,n−q D,∞ (X). The next proposition is a direct consequence of the Hahn-Banach Theorem.
Let us recall the main result of the Serre duality (see [3] , [25] and [19] ):
) is a complex of Fréchet-Schwartz spaces or of dual of Fréchet-Schwartz spaces, then, for any q ∈ Z, H q+1 (E • ) is Hausdorff if and only if H q (E ′ • ) is Hausdorff. As a consequence of the previous theorem and of the solvability of the Cauchy-Riemann equation with prescribed support in the closure of a bounded domain with connected complement in a Stein manifold of dimension n ≥ 2, in bidegree (p, 1), 0 ≤ p ≤ n, we obtain In his paper [32] , Trapani proved that if H 0,q (Ω) = 0 for all 1 ≤ q ≤ n−2 and H 0,n−1 (Ω) is Hausdorff, then Ω has to be pseudoconvex. We now prove that this result extends to cohomology with growth or regularity conditions up to the boundary. Theorem 3.1. Let X, Ω and Ω be as above.
Let g be a smooth extension of g to Ω. Then f − ∂ g is smooth and ∂-closed on Ω and f − ∂ g vanishes on Ω \ D. Therefore we can extend f − ∂ g by 0 to a ∂-closed form on X. Since X is Stein, there exists a smooth form u on X such that f = ∂( g + u) on Ω.
Let us now consider the assertion (ii). We first prove that H 0,n−1 ( Ω) is Hausdorff. Let f ∈ C ∞ 0,n−1 ( Ω) be such that, for any ∂-closed (n, 1)-current T with compact support in Ω, T, f = 0. Then for any (n, 1)-current S with compact support in Ω \ D, we have
In particular, f is orthogonal to any current with coefficients in the dual space of C ∞ ( Ω\D).
Using the assumptions that H
is Hausdorff, we get from Proposition 2.1 the existence of a form g ∈ C ∞ 0,n−2 ( Ω \ D) such that f = ∂g on Ω. Then following the proof of assertion (i) we obtain that H 0,n−1 ( Ω) is Hausdorff. Since X \ Ω is connected, it follows from Theorem 2.3 (see also Theorem 3.2 in [20] and Theorem 2 in [31] ) that H 0,n−1 ( Ω) = 0.
It is well known (see, for example, Corollary 4.2.6 and Theorem 4.2.9 in [12] ) that a domain U in C n is pseudoconvex if and only if we have H 0,q (U ) = 0 for all 1 ≤ q ≤ n − 1. So from Theorem 3.1 we can deduce: 
Note that, replacing smooth forms up to the boundary by extendable currents in the proof of Theorem 3.1, we get: Proposition 3.3. Let n ≥ 2 and D ⊂⊂ Ω be two relatively compact open subsets of C n such that both C n \ Ω and
Let us notice that the vanishing or the Hausdorff property of the Dolbeault cohomology groups of the annulus Ω = Ω \ D are in fact independent of the larger domain Ω as soon as it satisfies some cohomological conditions.
, which satisfies ∂u = f on Ω 1 \ D. Let χ be a smooth function on C n with support in Ω 1 and identically equal to 1 on a neighborhood of D. Consider ∂(χu), it belongs to C ∞ 0,q ( Ω 2 \ D) and is such that f − ∂(χu) vanishes near the boundary of D. After extending by zero in D, we get a ∂-closed form on Ω 2 , still denoted by f − ∂(χu).
is orthogonal to ∂-closed currents with compact support in Ω 2 \ D, it is orthogonal to ∂-closed currents with compact support in Ω 1 \ D, then the proof follows the same argument used to prove (i). The proofs of (i') and (ii') are similar by substituting smooth forms with currents.
Note that by Corollary 3.2 and Proposition 3.3, if Ω 1 = Ω 1 \ D is connected, each of the hypothesis in (i) or (ii) of Corollary 3.5 forces Ω 1 to be pseudoconvex. Note also that if Ω 2 = Ω 2 \ D is connected, the condition Ω 2 pseudoconvex is necessary for the conclusion in (i) or (ii) of Corollary 3.5 to hold.
3.2.
Necessary condition for the inside boundary. Let X be a connected, complex manifold and D a relatively compact open subset of X with Lipschitz boundary. If D is not a domain (i.e., a connected open set), then the Lipschitz boundary assumption implies that D is a finite union of domains. The Dolbeault cohomology groups for D are the direct sum of the corresponding cohomology groups on each connected components. In this section we will prove that in any dimension n ≥ 2 and for some Dolbeault cohomology groups on X \ D, such as forms smooth up to the boundary, vanishing and Hausdorff properties of these groups implies pseudoconvexity for the domain D, provided its boundary is sufficiently smooth. A related result for n = 2 was proved in [30] .
We will first relate the Hausdorff property or the vanishing of the cohomology groups with prescribed support in D with the same property for the cohomology groups of X \ D.
Let us prove that for any ∂-closed (n, n − q)-current S on D extendable to a current in X, we have S, ∂ f = 0. Let S be an extension of S to X with compact support, then, we get
and since T = ∂ S is a ∂-closed (n, n − q + 1)-current on X with compact support in X \ D, the orthogonality property of f implies
(X) is Hausdorff, therefore there is a smooth (0, q − 1)-form g in X with support in D such that ∂ f = ∂g on X. Hence f − g is a ∂-closed smooth (0, q − 1)-form on X, whose restriction to X \ D is equal to f . Therefore, H 0,q−1 (X) = 0 implies that there exists a smooth (0, q − 2)-form h on X such that ∂h = f − g and by restriction to X \ D we get ∂h = f on X \ D. This proves that H
is Hausdorff. Assertion (ii) can be proved in the same way.
Proof. Let f be a ∂-closed (0, q)-form on X with support contained in D such that for any ∂-closed (n, n − q)-current T on D extendable as a current to X, we have T, f = 0. Since H 0,q (X) = 0, there exists a smooth (0, q − 1)-form g on X such that ∂g = f on X.
In particular, ∂g = 0 on X \ D. Let S be a ∂-closed (n, n − q + 1)-current on X with compact support in X \ D. Since H n,n−q+1 (X) = 0 or H n,n−q+1 c (X) = 0, there exists a (n, n − q)-current U on X such that ∂U = S. (Here and hereafter we use H n,n−q c (X) to denote the Dolbeault cohomology groups with compact support in X.) Hence ∂U = 0 on D. Thus S, g = ∂U, g = U, ∂g = U, f = 0, by hypothesis on f . Therefore, the Hausdorff property of H 0,q−1 ∞ (X \D) implies that there exists a smooth (0, q − 2)-form h on X \ D such that ∂h = g. Let h be a smooth extension of h to X. Then u = g − ∂ h is a smooth form with support in D and
Assertion (ii) is proved in the same way.
Corollary 3.8. Let X be a complex manifold of complex dimension n ≥ 2 and D be a relatively compact open subset of X with Lipschitz boundary. Assume H 0,q (X) = 0 and
Proof. By Theorem 2.2, the assumption H 0,q+1 (X) = 0 implies that H n,n−q c (X) is Hausdorff. Since H 0,q (X) = 0, we have H n,n−q c (X) = 0. The corollary then follows by applying Propositions 3.6 and 3.7. 
In the special case q = 1, the following theorem is a direct consequence of Corollary 3.9 and Theorem 2.3. 
Proof. The proof is analogous to the proof of Corollary 3.8, Propositions 3.6, and 3.7.
Corollary 3.12. Let X be a Stein manifold of complex dimension n ≥ 2 and D be a relatively compact open subset of X with Lipschitz boundary such that X \ D is connected. Consider the assertions
Then the triplets of assertions (i), (ii) and (iii), respectively (i'), (ii') and (iii'), are equivalent.
Proof. Using the Serre duality the corollary follows from Corollary 3.9, Theorem 3.10 and Theorem 3.11.
Note that, under the hypotheses of Corollary 3.12, the assertions (ii) and (ii') still hold for q = 0 and q = 1 by analytic continuation and the fact that H 0,1 c (X) = 0 and X \ D is connected.
As mentioned above in Section 3.1, a domain D in C n is pseudoconvex if and only if we have H 0,q (D) = 0 for all 1 ≤ q ≤ n − 1. Analogous results also hold for the Dolbeault cohomology of forms smooth up to the boundary for any n and of extendable currents for n = 2.
Proof. Following Laufer's argument ( [17] ; see also Theorem 5.1 [18] ), we obtain that if H 0,q
. The Laufer's argument can be applied here because the spaces E(D) andĎ ′ (D) are invariant under differentiation and multiplication by polynomials. Thus we can assume that H 0,q ∞ (D) = 0 for all 1 ≤ q ≤ n − 1 or in the case when n = 2,Ȟ 0,1 (D) = 0. The proof uses the forms introduced in [16] (see also [8] ). We will prove by contradiction. Suppose that D is not pseudoconvex. Then there exists a domain D strictly containing D such that any holomorphic function on D extends holomorphically to D. Since interior(D)= D, after a translation and a rotation we may assume that 0 ∈ D\D and there exists a point z 0 in the intersection of the plane {(z 1 , . . . , z n ) ∈ C 2 | z 1 = · · · = z n−1 = 0} with D that belongs to the same connected components (as the origin) of the intersection of that plane with D.
For any integer q such that 1 ≤ q ≤ n and {k 1 , . . . , k q } ⊂ {1, . . . , n}, we set
where
(Here, as usual, dz k j indicates the deletion of dz k j from the wedge product.) Note that u(k 1 , . . . , k q ) is a smooth form on C n \ {0}.
is skew-symmetric with respect to the indexes in the tuple (k 1 , . . . , k q ). In particular, u(k 1 , . . . , k q ) = 0 when two k j 's are identical. A direct calculation yields that
For any 1 ≤ q ≤ n − 1, we consider the following assertion.
H(q):
For all integer r < q and all multi-index
where |K| = k 1 + · · · + k r and (K \ J) denotes the tuple of remaining indexes after deleting those in J from K.
Let us prove now that if 1 ≤ q ≤ n − 2 and H(q) is satisfied, then H(q+1) is satisfied. It is sufficient to prove the existence of the v(K)'s satisfying the assertion H(q+1) for any multi-index of length q, the other ones for r < q already exist by H(q). Let K = (k 1 , . . . , k q ), we set
The (0, n − q − 1)-form w(K) is smooth on D and moreover, using (3.1) and the hypothesis H(q), a straightforward calculation proves that ∂w(
A finite induction process implies that H(n-1) is satisfied and for K = (1, . . . , n − 1), we can consider the function
It is smooth on D and satisfies ∂F = 0 on D. As F is a holomorphic function on D, it can be extended holomorphically to D. However, we have F (0, . . . , z n ) = (−1)
, which is holomorphic and singular at z n = 0, which gives the contradiction since 0 ∈ D \ D.
When n = 2, let us denote by B(z 1 , z 2 ) the(0, 1)-form
derived from the
|z| 2 defines a distribution in C 2 which satisfies ∂( Returning to the case when Ω = Ω \ D is a bounded domain in C n , where D is the union of all relatively compact connected components of C n \ Ω as in section 3.1. We can easily derive the following corollary from Corollary 3.12 and the results of section 3.1. 
and Ω is pseudoconvex.
Then the pairs of assertions (i) and (ii), respectively (i') and (ii'), are equivalent.
We are now in position to give characterizations of pseudoconvexity of the inside and outside boundaries for domains with holes in terms of their Dolbeault cohomolgy on various spaces, depending on the regularity of the boundary of the holes. Proof. The necessary condition is a direct consequence of Corollary 3.14 and Theorem 3.13. To get the sufficient condition, we use Kohn's result [15] , which asserts that if D is a pseudoconvex domain with smooth boundary then H n,q ∞ (D) = 0, for all 1 ≤ q ≤ n − 1 and apply Corollary 3.14.
Note that, for the necessary condition, D needs only to have Lipschitz boundary. In the special case n = 2, we also have: Proof. The necessary condition is a direct consequence of Corollary 3.14 and Theorem 3.13. The sufficient condition follows from Theorem 5 in [4] .
Remark 3.17. One can only characterize pseudoconvexity for such domain Ω with holes by using the right cohomology groups. In an earlier paper by Trapani [30] , he proved that if Ω is the annulus between a pseudoconvex domain and some Diederich-Fornaess worm domain D ⋐ C 2 with smooth boundary, the classical Dolbeault cohomology group H 0,1 (Ω) is not Hausdorff. Thus if we replace H 0,1 Let X be a Stein manifold of dimension n ≥ 2, equipped with a hermitian metric. Let Ω be a bounded domain in X. Let L 2 p,q (Ω) be the space of (p, q)-forms with L 2 -coefficients.
(Ω) be the densely defined closed operator such that its domain consists of all f ∈ L 2 p,q (Ω) such that ∂ p,q f , defined in the sense of distribution, is in L 2 p,q+1 (Ω). Let ∂ * p,q be its Hilbert space adjoint. We drop the subscript p.q when there is no danger of confusion.
Let
(Ω) be the minimal (strong) closure of ∂. By this we mean that f ∈ Dom(∂ c ) if and only if that there exists a sequence of smooth forms f ν in C ∞ p,q (Ω) compactly supported in Ω such that f ν → f and ∂f ν → ∂f in L 2 . Let ϑ = ∂ * c be the dual of ∂ c . Then ϑ is equal to the maximal (weak) L 2 closure of the operator ϑ :
(Ω) to be the closure of ∂ such that f is in the domain of ∂c if and only if we extend f to be zero outside Ω, there exists a L 2 p,q+1 (X) form g supported in Ω such that ∂f = g in X. The operator ∂c corresponds to solving ∂ with prescribed support on Ω in the L 2 sense.
We denote the cohomology groups in L 2 p,q (Ω) with respect to ∂ and ∂ c by H
Suppose that Ω is a bounded domain in X with Lipschitz boundary. Then the weak and strong maximal (or minimal) L 2 extensions are the same by Friedrichs' lemma (see [13] , [6] ). When Ω has Lipschitz boundary, we have ∂ c = ∂c and
(For a proof of this fact, see, e.g., Lemma 2.4 in [20] 
, which is isomorphic to the usual Dolbeault cohomology group H p,q (X \ Ω).
The dual space of W 1 loc (X \ Ω) is denoted by W −1 (X \ Ω). The dual complex is denoted by
p,q (X \ Ω) and its corresponding cohomology groups are denoted by H p,q c,W −1 (X \Ω). Again, when the boundary of Ω is Lipschitz, this corresponds to solving ∂ in W −1 (X) spaces with compact support in X \ Ω.
We first establish the following version of the Hartogs phenomenon. Without loss of generality, we will deal with only (0, q)-forms. 
where C 1 is independent of f . Let χ be a smooth cut-off function such that 0 ≤ χ ≤ 1, χ = 1 in a neighborhood of K, and supp χ ⊂⊂ Ω. Consider
0,q ( Ω) and supp α ⊂⊂ Ω. Extend α to 0 outside Ω and apply Hörmander's L 2 -estimates to a bounded pseudoconvex domain Ω ⊃⊃ Ω, we then
Then u satisfies the desired property (4.2).
Lemma 4.2.
Let Ω be a bounded domain with Lipschitz boundary in a Stein manifold X of dimension n such that X \ Ω is connected. Then R (∂ * Ω n−1 ) = N (∂ * Ω n−2 ) where R and N denote the range and the null spaces of the relevant operators.
Proof. Let f ∈ N (∂ * Ω n−2 ). Let f 0 be the extension of f to X such that f 0 = 0 on X \ Ω. Then f 0 is compactly supported and ϑf 0 = 0 in the sense of distribution on X where ϑ denotes the formal adjoint of ∂. Thus ∂ X n,1 ( * f 0 ) = 0. (Here * is the Hodge * -operator given by u, v dV = u ∧ * v where dV is the volume form.)
Since Ω has Lipschitz boundary, we have from ( 4.1) and since X \ Ω is connected,
Thus there exists
The lemma is proved.
Let Ω be a relatively compact domain in X. We denote by D the union of all the relatively compact connected components of X \ Ω and set Ω = Ω ∪ D. 
Proof. The proof of (i) exactly the same as in Theorem 3.1 or Lemma 4.1. The proof of (ii) follows from the L 2 Serre duality (see [20] and [4] ). We provide a simple proof here for the benefit of the reader.
( Ω) is trivial. This is a direct consequence of Lemma 4.2 since
Note that in the first equality, we use the fact that R (∂ Ω n−2 ) is closed. The proof of (iii) is analogous to the proof of (i), using interior regularity we can choose g with W 1 coefficients on a neighborhood of the support of ∂χ, if f ∈ (W 1 loc ) 0,q ( Ω). We get H 0,q W 1 loc ( Ω) = 0 and by the Dolbeault isomorphism H 0,q ( Ω) = 0. The proof of (iv) is similar to that of (ii) in Theorem 3.1.
As in the smooth case, we have: Proof. We will postpone the proof to the corollary in Theorem 5.1.
As in the smooth case, the vanishing or the Hausdorff property of the Dolbeault cohomology groups of the annulus Ω = Ω \ D are in fact independent of the larger domain Ω as soon as it satisfies some cohomological conditions. The following was proved in [5] .
Note that by Corollary 4.5, if Ω 1 = Ω 1 \ D is connected and Ω 1 has Lipschitz boundary, the hypothesis of Corollary 4.6 forces Ω 1 to be pseudoconvex. Note also that if Ω 2 = Ω 2 \D is connected and Ω 2 has Lipschitz boundary, the condition Ω 2 pseudoconvex is necessary for the conclusion of Corollary 4.6 to hold.
Next we will develop in the L 2 and W 1 settings what is done in section 3.2 for forms smooth up to the boundary and extendable currents. (
Proof. The Serre duality for the complexes ((W
, implies the equivalence between (i) and (ii), respectively (iii) and (iv). Thus it is sufficient to prove that (i) implies (iii) and (iv) implies (ii).
Let us prove now that, for any 2 ≤ q ≤ n, if H
is Hausdorff. Let f be a ∂-closed (0, q)-form on X with L 2 coefficients and support contained in D such that for any ∂-closed L 2 -form u of bidegree (n, n − q) on D, we have u, f = 0. Since H 0,q (X) = 0 and by interior regularity, there exists a form g in (W 1 loc ) 0,q−1 (X) such that ∂g = f on X, in particular ∂g = 0 on X \ D. Let S be a ∂-closed (n, n − q + 1)-current on X with compact support in X \ D and coefficients in W −1 (X), then, since H n,n−q+1 c (X) = 0, there exists an (n, n − q)-current U with compact support on X such that ∂U = S and in particular ∂U = 0 on D. Moreover U can be chosen with L 2 loc coefficients. Thus
by hypothesis on f . Therefore the Hausdorff property of H
In the same way we can prove that, for any 2
Assume now that for some 1 ≤ q ≤ n − 2, H 
n,n (X) with compact support in X \D orthogonal to the ∂-closed functions, which are W 1 in X \D and in particular to the holomorphic functions in X. The Hausdorff property of H n,n c,W −1 (X) implies that there exists an (n, n − 1)-form g with compact support in X such that ∂g = f and by interior regularity, g can be chosen with L 2 coefficients on D. As for 1 ≤ q ≤ n − 2, we can conclude that f = ∂u, where u is in W −1 n,n−1 (X) with compact support in X \D. (
Proof. The equivalence between (i) and (ii) is a direct consequence of the Serre duality (see [4] n,q (X) with compact support in X \ D such that ∂ f = ∂g. So the form f − g is a ∂-closed form on X whose restriction to D is equal to f . As X is a Stein manifold, f − g = ∂h for some L 2 loc -form h on X. Then we have f = ∂h on D and it follows from interior regularity that we can choose h to belong to W 1 n,q−1 (D), which proves H n,q
n,q (X), 2 ≤ q ≤ n − 1, be a ∂-closed form with compact support in X \ D. Since X is a Stein manifold, there exists a (n, q − 1)-form g with compact support in X such that ∂g = f and by interior regularity g can be chosen with W 1 coefficients on D. Since the support of f is contained in X \ D, g is ∂-closed in D and as H n,q−1
. Let h be a W 1 extension of h with compact support in X, which exists since D is a relatively compact domain with Lipschitz boundary. Then g − ∂ h vanishes on D and satisfies (
and if Ω has Lipschitz boundary
Then the pairs of assertions (i) and (ii) are equivalent, and if moreover Ω has Lipschitz boundary, (i') and (ii'), are equivalent.
Hearing pseudoconvexity with L 2 Dolbeault cohomology
It is well known (see e.g. Corollary 4.2.6 and Theorem 4.2.9 in [12] ) that a domain D in C n is pseudoconvex if and only if we have H 0,q (D) = 0 for all 1 ≤ q ≤ n − 1. This result also holds for the L 2 -cohomology, provided D satisfies interior(D)= D (see [8] and references therein). We will extend the results to the case when the Dolbeault cohomology groups with W s,p -forms are finite dimensional for any given s ≥ 0 and p ≥ 1.
We will present a proof using an idea of Laufer [16] as in the proof of Theorem 3.13. The subtle difference is that while it makes sense to restrict a smooth form on a domain to the intersection of the domain with a complex hyperplane, restriction of an L p -form to a complex hyperplane is not well-defined. This difficulty was overcome by appropriately modifying the construction of Laufer so that the factor z l in (3.1) is replaced by z m l for a positive integer m. By choosing m sufficiently large, we are able to make this restriction work. We now provide the detail, following [8] . The following simple lemma illustrates the idea behind the construction of the forms u α,m (k 1 , k 2 , . . . , k q ) given by (5.2) below.
Proof.
. . , z n−1 ). Then for a sufficiently small positive numbers a 1 and a 2 , we have
Since m ≥ 2(n − 1)/p, letting δ → 0, we obtain from the Lebesgue dominated convergence theorem that
Thus G(0 ′ , z n ) = 0 for |z n − z 0 n | < a 2 . Proof of Theorem 5.1. The proof for W s,p -cohomology is the same as for L p -cohomology. For economy of notation, we will only provide the proof for L p -cohomology. Proving by contradiction, we assume that D is not pseudoconvex. Then there exists a domain D D such that every holomorphic function on D extends to D. After a translation and a unitary transformation, we may assume that the origin is in D \ D and there is a point z 0 in the intersection of z n -plane with D that is in the same connected component of D ∩ {z 1 = 0} as the origin.
For any integers α ≥ 0, m ≥ 1, q ≥ 1, {k 1 , . . . , k q−1 } ⊂ {1, 2, . . . , n − 1} and k q = n, let
is skew-symmetric with respect to the indices (k 1 , . . . , k q−1 ). In particular, u(k 1 , . . . , k q ) = 0 when two k j 's are identical.
For by (k 1 , . . . , k q \J) the tuple of remaining indices after deleting those in J from (k 1 , . . . , k q ). It follows from straightforward computations that
In particular, u α,m (1, . . . , n) is ∂-closed. Our next goal is to solve the ∂-equation in L p -spaces inductively with the (0, n − 1)-forms u α,m (1, . . . , n) as the initial data, and eventually produce an L p -holomorphic function on D. This holomorphic function has a holomorphic extension to D. By way of the construction, the extension has singularity at the origin, which leads to a contradiction. We now provide the details.
We fix m ≥ 2(n − 1)/p. Let M be an integer such that M > dim H 0,q L p (D) for all 1 ≤ q ≤ n − 1. Let F 0 be the linear span of {u α,m (1, . . . , n); α = 1, . . . , M n−1 }. For any u ∈ F 0 and for any {k 1 , . . . , k q−1 } ⊂ {1, . . . , n − 1}, we set
there exists a non-zero form u in each of the subspaces such that ∂v u (∅) = u for some
For 0 ≤ q ≤ n − 1, we use induction on q to construct an M n−q−2 -dimensional subspace F q+1 of F q with the properties that for any u ∈ F q+1 , there exists v u (k 1 , . . . , k q ) ∈ L p (0,n−q−2) (D) for all {k 1 , . . . , k q } ⊂ {1, . . . , n−1} such that v u (k 1 , . . . , k q ) depends linearly on u; v u (k 1 , . . . , k q ) is skew-symmetric with respect to indices K = (k 1 , . . . , k q ); and
We now show how to construct F q+1 and v u (k 1 , . . . , k q ) for u ∈ F q+1 and {k 1 , . . . , k q } ⊂ {1, . . . , n − 1} once F q has been constructed. For any u ∈ F q and any {k 1 , . . . , k q } ⊂ {1, . . . , n − 1}, write K = (k 1 , . . . , k q ), and let
Then as in the previous case,
We again decompose F q into a direct sum of M n−q−2 linear subspaces, each of which is Mdimensional. Since dim(H
) < M and ∂w u (K) = 0, there exists a non-zero form u in each of these subspaces such that ∂v
Since w u (K) is skew-symmetric with respect to indices K, we may choose v u (K) to be skew-symmetric with respect to K as well. The subspace F q+1 of F q is then the linear span of all such u's.
Note that dim(F n−1 ) = 1. Let u be any non-zero form in F n−1 and let
Then F ∈ L p (D) and ∂F = 0. Therefore, F is holomorphic on D and hence has a holomorphic extension to D. Restricting to z n -plane, by Lemma 5.2, we have
where the c α 's are constants, not all zeros. This contradicts the analyticity of F near the origin. We therefore conclude the proof of Theorem 5.1. Next we give a characterisation of the annulus domain by its L 2 Dolbeault cohomology when the inner hole D has C 2 boundary. Proof. We first prove sufficiency. If D has C 3 boundary and n ≥ 3, this follows directly from [26] . If the boundary is only C 2 , it follows from Theorem 3 in [10] that H n,q W 1 (D) = 0, for all 1 ≤ q ≤ n − 1. (When the boundary is C ∞ , this follows from the work of Kohn [15] .) The sufficiency then follows from Corollary 4.9.
The necessary condition is a direct consequence of Corollary 4.9 and Theorem 5.1.
Next we will set up the spectral theory for the ∂-Neumann operator. Let X be a complex manifold of dimension n equipped with a hermitian metric. Let Ω be a bounded domain in X. Let
p,q is densely defined and closed. It then follows from general operator theory (see [7] ) that Q Ω p,q uniquely determines a densely defined, non-negative,
(We refer the reader to [9, §2] for a spectral theoretic setup for the ∂-Neumann Laplacian.) We will drop the superscript and/or subscript from Ω p,q when their appearances are either inconsequential or clear from the context. Let σ( p,q ) be the spectrum of p,q . Recall that σ( p,q ) is the complement in C of the resolvent set which consists of all λ ∈ C such that λI − p,q : dom ( p,q ) → L 2 p,q (Ω) is one-to-one, onto, and has bounded inverse. (See [7] for relevant material on spectral theory of differential operators.) Since p,q is a non-negative self-adjoint operator on a Hilbert space, σ( p,q ) is a non-empty closed subset of the interval [0, ∞). Let σ e ( p,q ) be the essential spectrum of p,q ; namely, points in σ( p,q ) that are either isolated points of the spectrum but eigenvalues of infinity multiplicity; or limit points of the spectrum. By definition, the essential spectrum σ e ( p,q ) is also a closed subset and the set of limit points of σ e ( p,q ) is the same as that of σ( p,q ). We summarize the following spectral theoretic interpretations for positivity of the ∂-Neumann Laplacian p,q in the following proposition:
Proposition 5.5. Let p,q be the ∂-Neumann Laplacian on (p, q)-forms.
(1) 0 is not a limit point of σ( p,q ) if and only if both R (∂ p,q−1 ) and R (∂ p,q ) are closed. [14, Appendix A]) for proofs of (1) and (3) and to [8, §2] (see also [9, §2] ) for a proof of (2) .
Recall that, for a bounded domain Ω in a complex, hermitian, n-dimensional manifold, the top degree L 2 -cohomology groups H 
for all 0 ≤ p ≤ n and 1 ≤ q ≤ n − 2 and
The converse of the above theorem also holds. We summarize the results in a slight more general form as follows:
Let Ω be a bounded domain with connected complement in a hermitian Stein manifold and let D be a relatively compact open subset of Ω with connected complement. Let Ω = Ω \ D. Suppose Ω and D have Lipschitz boundary. Fix 0 ≤ p ≤ n. If 0 ∈ σ e ( p,q ) for 1 ≤ q ≤ n − 2 when n ≥ 3 or if 0 is not a limit point for σ e ( p,1 ) when n = 2, then both Ω and D are pseudoconvex.
The above theorem is a consequence of Proposition 5.5 and the characterization of pseudoconvexity by L 2 -cohomology groups in Section 4. Note that when n ≥ 3, one only need to assume the positivity of σ e ( p,q ) for 1 ≤ q ≤ n − 2. For n = 2, we use, as noted above, that R (∂ p,n−1 ) is always closed. For completeness, we provide the proof of Theorem 5.7. We first establish the following spectral theoretic version of the Hartogs phenomenon, as in Theorem 4.3. Without loss of generality, we will deal only with (0, q)-forms.
Lemma 5.8. Let Ω be a domain in a Stein manifold X equipped with a hermitian metric and let K be a compact subset of Ω. Let Ω = Ω \ K. Then 
. This concludes the proof of (1) and hence that of (2) .
The following lemma is a spectral theoretic interpretation of Theorem 4.8 (in a slightly more general form):
Lemma 5.9. Let D be a relatively compact open set in a Stein manifold X of dimension n ≥ 2 with connected complement and Lipschitz boundary. Let Ω = X \ D. Then 0 ∈ σ e ( Ω q ) for 1 ≤ q ≤ n − 2 and 0 is not a limit point for σ e ( Ω n−1 ) if and only if dim H n,q W 1 (D) < ∞, 1 ≤ q ≤ n − 2, and dim H . Let f ∈ L 2 n,q+1 (X) be a ∂-closed form with compact support in X \ D. Since X is a Stein manifold, there exists an (n, q)-form u with L 2 loccoefficients such that ∂u = f . Using the interior ellipticity of ∂ ⊕ ∂ * , we may choose u so that u ∈ W 1 n,q (D). Since f is supported on X \ D, ∂u = 0 on D. Under the assumption, there exists h ∈ W 1 n,q−1 (D) such that
for some constants b j ∈ C, 1 ≤ j ≤ N . Letg j ,h ∈ W 1 n,q (X) be any extensions of g j and h respectively from D to X with compact supports in X. Let g = u − ∂h − Remark 5.11. Suppose that the number of holes in Ω\Ω = D is infinite and each component is pseudoconvex, the boundary Ω is not Lipschitz. But one still can have interiorΩ = Ω. We do not know if the ∂-Neumann operator p,q has closed range for 1 ≤ q ≤ n − 1. In fact, one does not even know if the classical Neumann operator has closed range.
